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I. Introduction and statement of the results 
In this paper we prove the existence of spatially closed light rays on a regular. conformally 
stationary Lorentzian manifold M. 
The main ingredient for the proof is given by a suitable notion of convexity in Lorentzian 
l~lanifo~d (see Definition 1.2) that, ~u~uris ~~~~~~~~~.~, derives from the notion of convexity given. 
by Thorbcr~sson in [21] for subsets of a Riemannian manifold. We use a curt.e-,rf?ol.r~?zitlk 
argument similar to that used in [21], where it is proven the existence of closed geodesics on 
Rimeannian manifolds with boundary. 
It should be remarked that on one hand the choice of a stationary metric is essential for the 
reduction to a purely spatial problem; on the other hand the hypothesis used are intrinsic. as 
they only depend on the topology of _%‘I and on its time orientation. 
The results obtained and the convexity properties used in the paper will be discussed in the 
case of the exterior Schwarzschild space-time (Section 4). 
In order to state our results, we recall a few basic facts and definitions in the theory or 
Lorentzian manifolds. To go beyond the extremely small account of the theory given here, the 
reader can refer to some classical text on the subject, like for instance [ I 1,141. 
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We will denote by (M, g, Y) a time-oriented Lorentzian manifold, which consists of a smooth, 
finite dimensional, connected manifold M, a smooth metric tensor g on M with index 1, and a 
smooth timelike vector field Y on M, i.e., 
,dP>C Y(P)> Y(P)1 --c 0 
for every p E M. The vector field Y is said to be normalized if for every p E M it is 
dP>L Y(P), Y(P)1 = -1. 
A vector up E r,M is said to be,future pointing if g(p)[Y (p), vP] < 0; a smooth curve z on 
M is called future pointing if i(s) is future pointing for all S. 
A timelike vertical line on (MI, g, Y) is a maximal integral curve of the vector field Y; for 
p E MC, we will denote by yfj : (a,, b,) w 234 the timelike vertical line through p, which is a 
maximal solution of the Cauchy problem: 
i/Z 
Y(Y) 
g(y)[ Y(Y), YtYH; y(o) =** 
The normalization chosen for the vector field Y in (1 .O. 1) implies 
(1.0.1) 
(1.0.2) 
We define MO to be the set of all timelike vertical lines in 3% The map I7 : M t-+ MO, 
II(p) = y,, is a quotient map, and Me is endowed with the quotient topology. 
1.1. Definition. A subset B of M is said to be spatially bounded (spatially compact) if l-i(B) 
is precompact (compact) in MO. 
A subset C E: 34 is said to be a timelike cylinder in 34 if yP(s) E C whenever p E C, for 
every s E (a,, b,,). For B c M, the timelike cylinder e(B) generated by 3 is the set 
We will denote by y(p, s) the flow on M associated to Y, i.e., y(p, S) = y,(s), for every 
I> E M and every s E (a,, b,,). Observe that if for some p f 34 the map y is defined at the point 
(p, s), then, by the continuous dependence from the data of the solution of a Cauchy problem, 
there exists a neighborhood U = U(p, s) of p such that y is defined at the point (q, s) for 
every q E l-J. This observation allows us to define the partial derivative (ay/aq)(p” s) as the 
differential at the point p of the map q I--+ y (q, s), which is defined in a neighborhood of p. 
We define the concept of curve spatially closed in an absolutely general environment: 
1.2. Definition. Let (M, g, Y) be a time-oriented Lorentzian manifold. A smooth curve =: : 
la, b] ++ M is said to be spatially closed (with respect to Y) if there exists T > 0 such that 
(1) z.(b) = Ma), T); 
A smooth curve Z: [O. l] t--+ M is a geodesic if it satisfies the equation 
where V,, denotes the covariant derivative along Z, induced by the Levi-Civita connection of g. 
A pre-geodesic is a smooth curve which is the reparametrization of a geodesic. The geodesics 
have a c~~u.sal character, i.e., the quantity E, = g(z(s))[i(s). 2(s)] is constant. 
A (piecewise) smooth curve z is said to be lighrlike if g(z(s))[?(s), k(s)] = 0 for (almost‘) 
every S; more in general, ,I is said to be causal if g(z(s))[;(s). ;7(s)] < 0 for (almost) every s. 
Light-like geodesics are also called light rays. In General Relativity, they represent the 
trajectories of light rays under the action of the gravitational field. 
For p, q E aM, we say that p is in the past of q and we write p -C q if p can be connected to L, 
by a future pointing causal curve in M. As customary, we denote by I’(p) = (q E _M 1 p < q } 
and by I ~ (p) = {q E M 1 q < p). We recall (see [ 111) that a Lorentzian manifold M is said to 
be globally hyperbolic if 
(i) M contains no closed causal curve; 
(ii.a) for every pair of events p and q of M, the set Z+(p) n Z-(q) is precompact in hf. 
Equivalently, M is globally hyperbolic if it satisfies (i) and 
(ii.b) for every pair p and q in M, the set e(p. q) of unparametrized causal curves joining ,I> 
and q is precompact in the compact-open topology. 
It is proven in 161 that a globally hyperbolic manifold admits a Cauchy surface (see [ 141); 
indeed, such a property characterizes the global hyperbolicity. 
If M is globally hyperbolic and S is a Cauchy surface in _?H which is spacelike, that means 
that the tangent space T: S is spacelike for every z E S, it is not difficult to see that a subset B of 
:)I is spatially bounded (spatially compact), if the intersection e(B) f’ S is bounded (compact) 
rn S, with respect to the Riemannian metric of S induced by the metric of M. 
The intersections of a timelike cylinder with spacelike Cauchy surfaces are topologicall,y 
equivalent, so that the above condition of spatial boundedness (compactedness) is independent 
from the choice of S. 
We recall from [ 161 the definition of the arrivul time functional s,,,~ for a smooth, lightlike. 
future pointing curve : : (0, l] H M, that joins an event p of M and a timelike vertical curve 
I’ : ((1. h) w “M: 
r,,,y(z) = v-‘(z(1)). ( 12.1) 
that is, t,),,(:) is the val ue of the parameter of y at the arrival point of :. 
As we will see in the next section, the functional T,]),~ may be considered as the Lorentzian 
counterpart for lightlike curves of the length functional in a Riemannian manifold. 
1.3. Definition. (1) A timelike cylinder C of M is said to be strongly light-convex if for any 
pair of points p and q in C there exists a unique lightlike, future pointing geodesic z joining p 
and vq of minimal arrival time. 
(2) A subset B of M is light-convex if every point p E B has a neighborhood U in M such 
that the cylinder e( U n B) is strongly light-convex. 
Our definition of (strong) light-convexity derives from the notion of convexity given in [ 2 11 
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for subsets of a Riemannian manifold. Recall that a subset of a Riemannian manifold is defined 
to be convex when, given any pair of its points sufficiently close, it contains a unique geodesic of 
minimal length joining them. To complete the analogy with the Riemannian case, observe that 
a future pointing, lightlike curve joining p and vs that minimizes rp,., is a geodesic. (Fermat’s 
Principle, see [2,16]). A discussion of the light-convexity property for subsets having a smooth 
boundary is discussed in Section 4. 
We will make some assumptions on the metric of M. We recall that a smooth vector held W 
on M is called a conformal Killing vectorjeld if the Lie derivative L w (g) is a multiple of g. A 
conformally stationary Lorentzian manifold is a time oriented Lorentzian manifold (M, g, Y), 
with Y a conformal Killing vector field. We will also assume that (M, g, Y) is regular, in the 
sense that M admits a globally defined space-time decomposition adapted to Y (see e.g. [ 171). 
Roughly speaking, M is regular if the set Ma of vertical curve, endowed with the quotient 
topology, is a manifold. A detailed discussion of the metric properties of M is postponed to the 
next section. 
We can now state the main result of the paper: 
1.4. Theorem. Let (314, g, Y) be a regular, conformally stationary Lorentzian manifold, and 
let B c M be spatially compact and light-convex. 
If C?(B) has non-trivial homotopy, then there exists a spatially closed, lightlike,futurepointing 
geodesic in 34 with support in C2( B). 
The assumption of homotopical non-triviality means that there exists an i > 0 such that the 
ith homotopy group ni(C!(B)) is nonzero. Observe that B and C?B do not necessarily have the 
same homotopy type. If B has a certain regularity, for instance if B is an A.N.R. (see [ 15]), then 
this property is equivalent o being non-contractible. 
Previous results on the existence of lightlike trajectories on space-times with smooth boundary 
have been obtained by Candela in 141. In this paper we treat the case of a non-necessarily smooth 
boundary, and also our techniques are different. 
Theorem 1.4 is a generalization of [21, Theorem 4.21. Namely, if (Ma, go) is a Riemannian 
manifold, one can consider the static Lorentzian manifold 
0’6 g> = (MO x R, go @ (-dt2)). 
It is well known that the projection Ma x Iw +-+ Ma gives a bijection between the lightlike 
geodesic in M and the geodesics in MO. 
The paper is organized as follows: in Section 2, using the properties of the metric of M, 
we will show how to reduce the search of spatially closed geodesics to a spatial problem. In 
Section 3 we will present he shortening argument o obtain the spatial part of a spatially closed 
lightlike geodesic on M, and we will get a proof of Theorem 1.4. Finally, in Section 4 we will 
take into consideration the case in which the boundary of B is a smooth submanifold of M and, 
in particular, we will discuss in detail the example of the Schwarzschild space-time to show that 
the hypothesis of Theorem 1.4 are in a certain sense minimal. 
In Appendix 1 we will prove some abstract results concerning existence and regularity prop- 
erties for pseudo-Finsler structures. These results will be used in the proof of Proposition 4.2. 
2. The metric properties of n/c. Reduction to a spatial problem 
We will assume from now on that (n/c, g, Y) is a regular conformally stationary Lorentzian 
manifold. This implies that M admits a space-time decomposition with respect to Y, i.e. there 
exists a Riemannian manifold (MO, (. , .)x), a positive smooth scalar held (Y on M, a smooth 
vector held 6 on MO and a positive smooth scalar field ,6 on Z&j. such that 
(2) for every ,: = (x. r) E M, g(z) is the bilinear form on the tangent space T,(%I) 2 
7: (310) x Iw defined by 
K(L)LC. t1 = a(z) ((<, 6).x $-2(S(X), <)1. f - B(x) ?) . 
for { = (t. t); 
(2.0.1 ) 
(3) Y(.u, t) = (0, I), with 0 E T,Ma. 
We denote by T : -MO x R +-+ R the projection onto the second factor. This is a time function 
on nit. i.e., VT is a timelike vector field. 
By VT we mean the Lorentzian gradient of T, which is the vector field defined by the 
relation: 
for every smooth curve y on M. The gradient VT is given by 
I 
VT(x, t) = ~ S(x) 
1 
w(x. t) B(x) + (6(x). Kdj -p(x) + (6(x). S(x)) 
(2.0.2) 
Observe that VT is timelike: 
g(z)[VT(z), VT(z)1 = - 
1 
4d2uw + (6(x). J(x))) 
< 0. 
Light-like geodesics are invariant, up to a reparametrization, by conformal changes of the metric 
(see for instance 118, Lemma 1.21). Hence, we may divide g(z) by the factor CX(Z) . B(x), and, 
considering the new Riemannian metric ,6(x)--’ (. . .)., on MO, we will assume that R takes the 
form 
S(Z)]T? Cl = E 10.x + 2(S(x) 1 C),t 5 - r2, (2.03) 
where { = (c. r) E T,M 2 TJvl$ x Iw. 
In these coordinates, Y is written as the vector field (0. 1). Observe that Y is normalized. 
i.e.g(z)[Y(z). Y(Z)] = -1.ItsAowlinesaretheverticalcurvesoftheformy,,(s) = (xg,to+.s). 
with p = (x0. to), xo E -MO and to E R. 
For every to E IR the submanifold Ma x {to) is a spacelike surface in M, that coincides with 
the set of timelike vertical curves of ZM. A timelike cylinder is a set of the form Bo x S!. with 
80 C_ aM~); a set B is spatially bounded (compact) when its projection on n/c0 is a bounded 
(compact) subset of MO. 
A curve (piecewise) smooth Z(S) = (X(S), t(s)) is future pointing if i(s) 3 0. It is not 
difficult to see that, from our definition, a curve z(s) = (x(s), t(s)), s E [a. hJ, is spatially 
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closed precisely when x(a) = x(b) and a(a) = k(b). Observe that since the coefficients of the 
metric in (2.0.3) do not depend on the coordinate t, then every spatially closed C’ curve in M 
admits an extension over the whole real line, whose spatial part is a Cl closed curve in JM~. 
Let p be an arbitrary fixed point in MY, and y a timelike vertical curve in M. In order to study 
the lightlike geodesics joining p and y, we introduce the following space of curves: 
,G;+ = {z = (X, t): 10, 11 k-+ M 1 z E c2 ([O, I], 34) ) (i , i) = 0, t > 0, 
z(0) = p, z(l) E SUPPY}. 
We consider the following functional on L;/f y : 
1 I 
F(z) = T(z(1)) - T(z(0)) = 
s 
o g(z(s))LVT(z(s)), i(s)1 ds = 
s 
i(s) ds. 
0 
Observe that the arrival time functional t,,+ defined in (1.2.1) depends on the choice of a 
parametrization of y. If the timelike curve y is parametrized with T, i.e., T(z(s)) = s, as we 
may always assume, then clearly 
~~,&) = F(z) + T(P) 
for every curve joining p and y. In particular, a curve minimizes tp,v if and only if it minimizes 
the functional F. 
We will also consider the functional Q on Ll,y, defined by 
I I 
Q(Z) = Q(x, t) = 
s 
o g(z(s))W’(s(s)), i(s)I2 ds = 
s 
t(s)* ds. 
0 
The functionals F and Q correspond to the length and the energy functional for curves on 
a Riemannian manifold. Observe indeed that if S(X) = 0, which is the case when 7v’l is a 
static manifold, then F (x, t) and Q(x, t) give precisely the length and the energy of x in the 
Riemannian manifold MO. Observe that F(z) does not depend on the parametrization of z. 
Unlike the arrival time functional x~,~, the functionals F and Q are not defined intrinsically 
on M, as they depend on the choice of the splitting MO x Iw, which is not canonical; nevertheless, 
they are particularly useful to study the lightlike geodesics of M. 
Their main property is given in the following theorem, proven in [2]: 
2.1. Theorem. A curve z E ,GiY is critical point for F if and only if z is a future pointing, 
lightlike pregeodesic joining p aid y. A curve z E Ll,,, is critical point for Q if and only if 
z = (x, t) is is a future pointing, lightlike pregeodesic joining p and y , such that t is constant. 
2.2. Proposition. Let zo be a future pointing, lightlike pregeodesic joining p and y that 
minimizes the arrival time T~,~(zo) = F(zo), and such that g(zo(s))[io(s), &(s)] is constant. 
Then for every z future pointing, lightlike pregeodesic that joins p and y it is 
Q(zo> < Q(z). 
Proof. Since g(zo(s>)[io(s), 20(s)] is constant, then Q(zo> = F(zo)*. From the minimality, it 
follows that if z is a future pointing lightlike pregeodesic between p and y, it is F(zo)~ 6 F(z)~. 
From Hiilder’s inequality it follows F(z)* 6 Q(z). 0 
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For a < b E Iw and Bo s MO, we denote by H’s*([a, h]. Ba) the set of all absolutely 
continuous curves x : [a, b] F-+ Bo with square integrable derivative, i.e., 
s 
l,ii(i , ,I-) ds < fco. 
It is well known that if Bo is a submanifold of Ma, then H ‘,‘([a, b]. Bo) has an Hilbertian 
manifold structure. 
With a slight abuse of notation, we write F(x) = F(A(x)) and Q(X) = Q(A(x)). extending 
the definition of F and Q to curves in MO. We have: 
F(x) = r.,( 1) = 
s 
’ ((6(x), i) + zi) -I- (S(x). i)I) da, 
0 
and 
s 
I 
Q(X) = ((S(x) , i) + J(i) X) + (S(x) . Y)?)’ do. 
0 
2.3. Definition. A closed curve x : [0, l] w Bo of class HI.’ is called a criticul point ot 
Q if given any point s E [0, l] there exists S > 0 such that the restriction of x to the interval 
[,\ - S. s + S] (where the extreme points are taken modulo 1) is a critical point for Q on the 
space H’.‘(&,, s(s - 6). .K(S + S)), defined by 
H’.‘(&. x(s - S), x(s + 6)) 
= (w E H’.* ([s - 8, s + S]. B,)) 1 w(s - S) = x(s - 6). 
w(s + 6) = x(.s + 6)). 
The map o : TM w Ps defined by 
0(x, v) = (6(x) I u) + &a, uy + (u. u) 
induces a pseudo-Finder structure on M, in a sense that will be clarified in Appendix 1. In the 
Appendix we will state and prove some results of existence and regularity of minimizers of such 
a structure. 
2.4. Remark. To every piecewise smooth curve x : [0, 11 +-+ MO joining the points xg, XI c: 
MO there corresponds a unique lightlike, future pointing piecewise smooth curve z = (x-. t, ) : 
IO, I ] +-+ M joining the event p = (x0, 0) with the timelike vertical curve y(s) = (x.I. s) in 
.?1Z. This correspondence is given by setting: 
r,(s) = 
s 
//” ((6(x), i_) + ,/(;I-, k) + (6(x), i-,‘) da. (2.4.1) 
Notice also that x and f., have the same regularity. 
2.5. Definition. If x : [0, l] t-+ Ma is a piecewise smooth curve in MO, the light-extension 
z = A(x) of .X is the piecewise smooth curve in M with coordinates (x. f.,), where r, is given 
by (24.1). 
We translate in coordinates the notion of light-convexity. 
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2.6. Definition. A subset SO of MO is called (strongly) Q-convex if for every pair of points ~0, 
x1 in So there exists a (unique) smooth curve .X : [0, I] +-+ So that joins x0 and x1 and that 
minimizes Q. 
2.7. Definition. A subset SO of MO is called locally (strongly) Q-convex if every point yo in So 
has a (strongly) Q-convex neighborhood in Se. 
2.8. Proposition. Let B c M be a timelike cylinder, and Bo C MO be its projection on MO. 
Then B is light-convex if and only if BO is locally strongly Q-convex. 
Proof. Geodesics of minimal arrival time between an event p = (x0, to) and a timelike vertical 
line y(s) = (x1, s), by Theorem 2.1 and Proposition 2.2 project onto smooth curves in Ma 
joining xa and xl, that, up to a reparametrization, minimize Q. Thus, the light-convexity of B 
implies the Q-convexity of MO. Conversely, by the results mentioned, the light-extension of a 
curve in MO that is minimal for Q is a lightlike pregeodesic in n/c that minimizes the arrival 
time, so that the Q-convexity of Bo implies the light-convexity of B. 0 
Finally, we recall the definition of the length functional L and the energy functional E for a 
piecewise smooth curve x : [0, l] +-+ MO: 
L(x) = 
s 
o’dmds, 
E(x) = 
s 
o’ (i,k) ds. 
3. The deformation argument 
In this section we will establish the existence of a closed curve y, which is a critical point for 
Q, under the assumption that MO has a compact, Q-convex, homotopically non-trivial subset 
K. The curve y is obtained as the fixed point for a deformation operator 0, defined on the set 
of piecewise smooth, closed curves in K and with bounded energy. 
For future reference, we state in a formal way some inequalities relating the functionals L, 
E, F and Q: 
3.1. Lemma. Let K be a compact subset of MO. Then there exists a positive constant 7 = q(K) 
such thatforeveryxo, xl E K andevery y E H’.*([O, 11, K) 
(1) L(Y) 6 rl. F(Y); 
(2) E(Y) < rl. Q(v); 
(3) L(ylta,b~)* < rl. Q<v> . lb - al,forevely a, b E [O, 11; 
(4) F(Y) 6 rl. L(Y); 
(5) Q(Y) < rl. E(Y). 
Proof. For each of the five inequalities we will find a different constant q; of course, the maximal 
one will work for all of them. 
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Taking 17 = (.dm + M) -’ in (3.1.1) and integrating on [0, 11, one gets ( I). By tak- 
ing squares on b_o?th sides of (3.1.1) and integrating on [O. 11, one gets (2). with ‘7 = 
/ 
(4 1 + M2 + M) -. To prove (3), let x[o.bl, with 0 < a -C h < 1, be the characteristic function 
of‘ the interval Ia. h]. By Hiilder’s inequality one has 
Taking squares in the above inequality and using (2), also (3) is proven. 
For CY, 6 > 0, it is Jm < fi + fi, which gives 
lntegrating on [O. 11, (4) is proven. The inequality (5) is obtained by taking the squares in the 
above inequality and integrating on [0, 11. 0 
Let K be a subset of n/co. We denote by xi (K), i >, 0, the ith homotopy group of K, that is 
the set of homotopy classes of smooth functions: 
* : [O, 11’ t--+ K 
such that \I/ (a[O, 11’) = PO, with po an arbitrarily fixed point in K. 
A subset K G MO will be said to be homotopically non-trivial if there exists i > 0 such that 
?r, (K ) is non-trivial. 
3.2. Proposition. Suppose that M.0 has a compact, connected, Q-convex subset K. which is 
wt homotopically trivial. Then there exists a non-trivial closed curve 7 in K which is a critical 
point,fiw Q. 
Proof. We assume for the moment that nl (K) is trivial; will will see later that if K is not simply 
connected, then the proof can be treated in a more transparent way. 
Let i > 0 be the smallest integer for which xi (K) is non-trivial (we are assuming for the 
moment hat i > 1) and let w: [O. 11’ H K be the representative of a nonzero element in ni (K 1. 
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For every w E I’-’ we consider the closed curve yul in K given by 
Yw(S) = \Il(s, w), v s E [O, 11. 
Since \I, is continuous, then the map w H yLu is continuous in the compact-open topology. 
We can therefore define 
For x E &lo and 6 > 0, we denote by B[x, 61 the closed ball of radius 6 around x with respect 
to the Riemannian metric of Ma, and we define two functions ri (x) and Ye by 
r,(x)=sup{6EIW+: B [x, 61 is contractible}, 
Q(X) = sup{6 > 0 : B[x, 61 fl K is strongly Q-convex}. 
Observe that ri is well defined, since 3\/Ca is locally homeomorphic to some euclidean space; while 
r2 is well defined because K is locally strongly Q-convex. Obviously, for every x0, xi E &lo, 
one has 
ri(xl) 3 ri(xo) - disth, xl>, i = 1,2; 
so that rl and r2 are lower semi-continuous functions on JKa. It follows that they have a positive 
infimum on the bounded set K, and we define 
R = min { $i;ri(x), zi;r2(x)} > 0. 
Let r] = q(K) be the positive constant of Lemma 3.1 and k be an even number satisfying: 
2.y.a 
k 
< R2, 
so that if 7 is any absolutely continuous curve in K with Q(y) 6 IT, one has 
dist(F(s +2/k), 3(s)> < L(j71[s,s+2,kl) 6 J 2w k < R. 
From our definition of R, it follows that if 7 is a absolutely continuous curve in K with 
Q(y) < CT, then for every s there exists a unique curve ys in K joining the points t(s + 2/k) 
and v(s) which is a minimal point for Q. Moreover, ys is homotopically equivalent to the 
restriction of 7 on the interval [s, s + 2/k], because it is contained in a contractible ball (of 
radius less than R). 
Ify1, M, . . . > ym: 10, 11 F+ K are contiguous curves, i.e., satisfying yj-l (1) = yj (0) for all 
j = 1,2,..., m, we denote by J( ~1, ~2, . . . , ym) their junction, which is a curve in K defined 
by 
J(YI, ~2, . . . > xd(s> = yk(ms - j + 1) 
ifsE j-1 j 
[ I 
- - 
m ‘m . 
Observe that since F is invariant by reparametrization, then F is additive by junction: 
F(J(m > ~2, . . ., Yn)) = 2 F(yi). 
k=l 
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If 7 is any absolutely continuous curve in K, with Q(p) < cr. we define 
a(v) = J(Y(O.Z,, Y(2.4)3 . . . 3 I%-2.r,), 
and 
D?(y) = J(y(1.3), Y(s.S)> . . . 3 Y(k-l.l))* 
where yc,,j+z, is the unique curve in K joining the points p(j/k) and y(j/k + 2/k) which is 
a minimal point for Q. 
Due to their independent interest, we isolate the following two lemmas that contain some 
technical results, needed for the rest of the proof. 
3.3. Lemma. Under the hypothesis of Proposition 3.2 and with the aho\le notation,,for eve0 
absolutely continuous curve 7 in K with Q(p) 6 a andfor eveq i = 1. 2 one has 
( 1) D, (7) is a absolutely continuous curve in K; 
(2) D, (7) is homotopically equivalent o 7; 
(3) Q<D,(t7)) < QW, 6 0. 
Moreocrr.,from (1) ana! (3), we can define the composition D = 02 o D,, for which thefollowing 
holds: 
(4) Q(D(v)) = Q(y) ifand only y is a smooth curve that minimizes Q 1ocallJ. 
Proof of Lemma 3.3. The curve Di (v) lies in K because of the convexity of K. From Theorem 
2.1, the critical points for Q are the spatial part of pre-geodesics in M. hence they are smooth 
curves. The junction of contiguous smooth curves is piecewise smooth, and (1) is proven. 
Since the restrictions of D;(t) and a on each interval [(i + 2j - 1)/k. (i + 2j + 1)/k] arc 
homotopically equivalent, (2) follows. 
Part (3) follows from the additivity of the integral and from the fact that D; (7) is the junction 
of minimal curves for Q. 
To prove part (4) observe that it is Q(Di(p)) = Q(y) if and only if Di(y) = y. i = 1.2. 
In particular, since critical points of Q are smooth, if Q(Di(y)) = Q(y) then 7 is a piecewise 
smooth function with singularities possibly at the points s,~ = (i + 2,j - 1)/k. From (3) one 
has that Q(D(y)) = Q(y) if and only if Q(Di(y)) = Q(y) for i = 1. 2. It follows that 
-I = D,(v) = D?(y). which implies that 7 is smooth. Moreover, p minimizes Q locally by 
&struction. The converse is easily established. 0 
In the next lemma we will prove a sort of continuity property for the deformation operator D. 
3.4. Lemma. Under the hypothesis of Proposition 3.2 and with the above notations, if ( y,,),,E,~, 
i.s a .seyuence of absolutely continuous curves in K such that 
then there exists an absolutely continuous curve y in K and a subsequence {yni)x such that 
(1) y,lr converges to y uniformly; 
(2) D(y,,,) converges to D(y) in El’.‘. 
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Proof. We will prove that the result holds for D1 and D2, which will imply that it holds for D, 
too. Let q = u(K) > 0 be the constant of Lemma 3.1. Since E(y,) < r~ . Q(yn) 6 r~ .o, then 
the compactness of K and the Ascoli-Arzela theorem give the existence of a continuous curve 
y which is the uniform limit of a subsequence ynr . Moreover, since E(y,) is bounded, then y 
is a weak limit of ynr in H’.*, and in particular y is absolutely continuous. This proves part (1). 
By construction of D1 and D2, for part (2) what we need to prove is that if a.,, and b,, are 
two sequences in K converging respectively to a and b, and such that dist(a,, b,) < 6, then, 
denoting by j,, (j) the minimal point for Q in K joining points a, and b, (a and b), it follows 
that j, converges to j in ZZ’,*. 
To prove this, we lift the curves j,, and j to lightlike geodesics A (j,), A(j) on Jvf. Using 
the exponential map of 3\12, A( j,) and A(j) become straight segments in RN+‘, so that the 
convergence of A(j,) to A(j) is in Cco. In particular, j, converges to j in H’,* and the proof 
is finished. 0 
We can now go back to the proof of Proposition 3.2. We define the operator D” by induction 
and we set 
a = lim (m;x, Q(DYyuj))). (3.4.1) 
n+oo 
It must be a! > 0. For, if cz = 0, there would exist an integer u E RI such that for every w E I’-’ it 
is L(y,) < R, so that for every w E I’-’ , the support of yw would be contained in a contractible 
ball. Then it would be possible to deform the map \Ir into a continuous map q1 from Zi-’ to 
K, such that 9,(aZ-‘) = po. But this is impossible, because xi-l(K) is trivial, and \I, is not 
homotopically null. 
We define 
an = D”(Y~,J, 
where w, E I’-’ satisfies 
(3.4.2) 
Q(D”+‘(Y~,,,)) = z;“, Q(D"+'Cyw>>. 
Since Q(y,) < g and K is compact, then there exists a subsequence ynn that is uniformly 
convergent o some curve 7 in K. 
Then, by Lemma 3.4, we can assume that ynl converges to y in H ‘,“([O. I], K), so that the 
continuity of Q gives 
Q(W)> = QtD(li,m yak>> = QGp D(Y~~>> = “,” Q<D<vn,>> 
= lip wm;x, Q(D”+‘(yw)) = Q 
Since cx > 0, then 7 is non-trivial (non-constant). 
On the other hand, recalling (3.4.1) and (3.4.2), it is 
Q(7) = Q(lipy,,) = lip Q(Y~,) = li,” Q(D”‘(y”,,,)) 
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By Lemma 3.3 it follows that Q(D(p)) = Q(F), thus f is a non-trivial closed curve which is 
critical point for Q, which concludes the proof in the case ,&I is simply connected. 
If K is not simply connected and y is a piecewise smooth, closed curve in K which is not 
homotopically trivial, then the shortening argument can be applied directly to y An argument 
perfectly analogous to the one presented here shows that the sequence y,, = ZY (v) has a 
subsequence converging to a smooth, non-trivial closed curve jj in ??, which is a critical point 
for Q. 
This concludes the proof of Proposition 3.2. 0 
We conclude the section with the proof of the main result of the paper. 
Proof of Theorem 1.4. Let B c IM be spatially compact and light-convex. Let ,hicO be the 
spacelike surface of n/r defined in Section 2, and denote by K the intersection C!(B) n IN”. Then 
K is a compact, Q-convex, homotopically non-trivial subset of &. and Proposition 3.2 gives 
the existence of a closed critical point y for Q, with support in K. Then the light extension 
A ( y ) is a spatially closed, lightlike geodesic in ,V with support in C(B), which concludes the 
proof. 0 
The reader should observe that, thanks to the result of Proposition 2.2, the procedure of short- 
ening curves using the quadratic functional Q is equivalent o shortening using the functional 
1;‘; moreover, the notions of convexity introduced in Definition 2.6 and Definition 2.7 may be 
equivalently given using the functional F. 
4. Light-convexity for a subset with regular boundary. An example: the exterior Schwarz- 
schild space-time 
Let A be an open subset of a Lorentzian manifold (n/c, g) and 8A its boundary. We recall the 
following convexity definition, introduced by Giannoni and Masiello in [7]: 
4.1. Definition. A is said to have a lightlike com’cx boundury if every lightlike geodesic with 
support in A U i)A and endpoints in A is entirely contained in A. 
Roughly speaking, if a A is regular, then A has a light convex boundary if no lightlike geodesic 
in A U iIA is tangent to 8 A, unless its endpoints are in 8 A. For instance, if 8 A is a spacelike 
submanifold of _JH, then 8A is lightlike convex. By a spacelike submanifold we mean that the 
restriction to i)A of the Lorentzian metric g is positive definite. 
In globally hyperbolic manifolds, for a timelike cylinder with regular boundary the convexity 
of Definition 4.1 implies the light-convexity of Definition 1.2. We will prove this in the next 
proposition using the results of Appendix 1. 
4.2. Proposition. Let 34 be a globally hyperbolic Lorentzian manifold, and A c M ~1 oprn 
rimelike cylinder, with regular boundaq i3A. [f 8 A is light-like convex then A is light-convex. 
Proof. Given any point p E A and any timelike vertical curve y in A that does not contain 
p. then Theorems A.1 and AS, Proposition A.3, the light convexity of aA and the global 
hyperbolicity of IM allow to get the existence of at least one lightlike, future pointing geodesic 
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in A joining p and v. The local uniqueness of a minimal one is easily established using the 
exponential map around p (see also Appendix 1). 0 
The convexity of Definition 4.1. is easier to handle, from an operational point of view. 
Namely, an open subset A with smooth (C2) boundary 8A is identified, at least locally, by a 
smooth function @ satisfying 
@ > Oon A, @=OonaA, @ < 0 outside (A U aA); (4.2.1) 
@‘#OonaA. (4.2.2) 
The lightlike convexity of aA is implied by the negativity condition on the Hessian H’: 
for every z E 3 A, and every lightlike vector u E Tz 8 A. 
Finally, we discuss the results on an important example of globally hyperbolic manifold. 
4.3. The exterior Schwarzschild space-time 
Let m be a positive constant and Mu be the Riemannian submanifold of Iw3 given by all the 
points x with (xl > 2m. Let p: IR+ +-+ Iw be the map 
p(r) = 1 - 2”. 
r 
Let 3\12 = Ma x II% be the conformally stationary Lorentzian manifold with metric given, in the 
polar coordinates (Y, 8,@) of Iw3, by 
ds2 = ,6(r)-’ dr’ + r*(d@* + sin’19 d$*) - p(r) dt2. 
The Schwarzschild space-time is a relativistic model of a universe containing a single spherically 
symmetric massive body (star). It is a globally hyperbolic manifold (see [ 141). 
Taking the action functional and integrating by parts, it is not difficult to see that the geodesics 
Z(S) = (r(s), 4(s), Q(s), t(s)) in n/c are precisely the solutions of the system of differential 
equations 
+ 2r($* sin* 19 + 19~) - B’(r)i2 = 0, 
2r2 sin 19 cos 8 f$* - A(2 
ds 
r2b2) = 0, 
32 r* sin2 0 4) = 0, 
$(j?(r) t) = 0. 
(4.3.1) 
Since the equations (4.3.1) are invariant by rotations in 8 (see [14]), we may assume that 
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H E rr/2. fi G 0, and the geodesic equations become 
,e2$ = L, 
/Ii=K. 
(43.2) 
where L and K are arbitrary constants. Moreover, for lightlike geodesics, the conservation of 
energy gives 
Consider the timelike cylinders 
B - ((r, 8. q5, t) E M 1 a -c r < h}. t1.b - 
with 21~1 -c u c h, which are spatially bounded by definition. 
The boundary 8 Ba.,, is smooth, and consists precisely of the two surfaces (r = LI } and {r = h}. 
We claim that for u E (2m. 3m) and b > 3m, the open set Bu,h has a light-convex boundary. 
To prove this, we consider the function @(r, P, 4. t) = Y. Since ij Brr.,, = a-’ {u, h}. a careful 
study of the sign of @ shows that to prove the light-convexity of Bo,b it suffices to show that the 
Hessian H* is negative on the nonzero lightlike vectors of the surface (r = a} and positive on 
the nonzero lightlike vectors of the surface {r = h} (see (4.2.1)). 
By definition of Hessian, for every z E M and every u # 0 E 7’:_M, u lightlike, one has 
H@(:.)[tL vl = Z- dsZ ,,=f(r(.y). d(s). 4(s). t(s)) = F(O). 
where v,,(.Y) = (r(s), 8(s). 4(s), t(s)) is the unique geodesic in M satisfying y,,(O) = : and 
i/ (0) = 11. We set t-0 = r(0). 
Since u is on a surface r = const., it is I-(O) = 0. Then, from (4.3.2), we have 
F(O) = Ly (2 t-0 4(O)’ - /l’(ro) i(O)‘). 
and the conservation of the energy (4.3.3) gives 
L’= 4 
po K’ = fi(rg) i(0)’ ri. (43.5) 
From (4.3.5), substituting 4 and i from the second and the third equation of (4.3.2) in (4.3.4). 
we have: 
i:(O) = p(ro) i(0)’ 
2 Btr0) - r0 B'(r0) 
2 r0 (4.3.6i 
= , 2m 2(O)’ ( > -(rg - 3 m). r0 t-i 
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Observe that since u # 0, then it must be 2(O) # 0. In fact, since i(0) = 0, if it were t(0) = 0, 
then (4.3.3) would give also 4(O) = 0. Moreover, we are assuming 4 = 0, so that t(0) = 0 
implies u = 0. 
Hence, (4.3.6) implies immediately that r(O) < 0 if ~-0 = a E (2m, 3~2) and F(O) > 0 for 
ro = b > 3m, and &b has a light-convex boundary. 
Theorem 1.4 says that n/r: has a spatially closed lightlike geodesic with support in Ba.b. This 
example shows also that the hypothesis of Theorem I .4 are sharp. Namely, every spatially closed 
lightlike geodesic in the Schw~zschild space-time has its spatial part contained in the so called 
light sphere, which is the sphere of radius r = 3m. 
To prove this, observe from (4.3.2) and (4.3.3) that if z = (r, Cp, 8, t) is a lightlike geodesic 
in n/c, then r satisfies 
. . r - 3m 
r=-LL2, 
r4 
(4.3.7) 
with L # 0. If z has periodic spatial part, then r has an absolute minimum r(s0) on [0, l] on 
which Y(Q) > 0. From (4.3.7), it must then be r(s) 2 3m for every s. Moreover, the condition 
k(O) = i-(l) gives: 
s t 0 = i(l) - i(0) = F(s) ds = L2 ’ r(s) - 3m ds 3 0, 0 r(sj4 
which implies r EC 3m and z has spatial part on the light sphere. 
4.4. Remark. If we consider a = 2m and b > 3m, using the computations in [3], it is possible 
to prove that the set Ba,b is still light-convex, in the sense of Definition 1.2. In this case, though, 
Ba,b does not have a smooth boundary, as it is possible to see using the Kruskal coordinates 
(see [ 111). Thus, we have an example of light-convex set with nonsmooth boundary. 
Appendix 1. Existence and regularity for distance functional on manifolds 
Al. Main results 
In this appendix we present some abstract results of existence, uniqueness and regularity 
for minimizers of certain distance functionals on differentiable manifolds. These results were 
already used in the proof of Proposition 4.2. 
We will assume that M is a finite dimensional, connected C2-manifold, and we will denote 
by TM its tangent bundle, with 0 its zero section. Suppose that M is endowed with a map 
w E C2(TM \ {O}, II%+) and continuous on TM, such that 
U(X, hu) = ho(x, u) for all h E IL?+, x E M, u E I;M, 
w(x,v)=Oifandonlyifu=O, 
(A1.1) 
(A1.2) 
where T,M denotes the tangent space of M at x. 
If w (x, -) is a norm on 7;M for every x E M, then the pair (M, o) is called a Finder manifold 
(see [ 11). In general, we will call the pair (M, u) a ~~e~~~-~i~~Zer manifold. 
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For x0 and x 1 in M, we denote by Q (~0, x 1) the set of all C ’ -curves in M joining x0 and x I : 
22(x0.x,) = {x E C’([O, I], M) 1 x(0) = x0, X(1) = XI}. 
Since M is connected, Q((xo, x1) is nonempty for every pair (x0, x.1). Notice that, thanks to 
(A I. 1) and (Al .2), the function o,~ : M x M + IFi+ defined by 
I 
d,,,(xg, xl) = inf @(x(s), i(s)) ds : x E 52(x0. x,) (Al.3) 
is a distance function on M. 
The lack of regularity of w at (x, 0) may give problem in the regularization of the critical 
points of the length functionals 
F(x) = 
.I’ 
w(x. ii-) ds. 
0 
This can be overcome working on minimizers having w(x, ii-) constant almost ewerywhere. 
whose extreme will be studied in Theorem A. 1. 
Whenever o is not a norm there are difficulties on the regularity. In this case the Euler- 
Lagrange equation of the critical points of F is not in general an ordinary differential equation. 
Moreover, for a pseudo-Finsler structure it is also a difficult problem to study the local uniqueness 
of minimizers for the length functional F. 
In Theorem A.5 we give a condition assuring that the critical points x of F having w(x. _U) 
constant almost ewerywhere, are smooth and satisfy the Euler-Lagrange equation of F in a 
strong sense. 
Theorems A. 1 and A.5 are just what we need to apply the shortening procedure to F described 
in Section 3. 
The first result concerns the existence of the minimizers for F. 
Theorem A.1. Fix x0 # x1 in M. Assume that 
(1) there exists C > dw(xo, xl) and a compact subset K qf M such that,for every .Y E 
Sl((xo. xl) satisfying F(x) < C, it is x([O, 11) c K. 
Then there exists x E H’,X([O, 11, M) and E, E IRf \ (0) such that 
x(0) = x0. x(s) = x1. F(x) = &(.xo, XI), 
w(x(s). k(s)) = E, almost eweryvhere on LO. I]. 
[f assumption (1) holds for any x0, XI E M, we have the completeness qf (M, d,,) as a metric 
space. 
Notice that we do not know whether i in Theorem A.1 is continuous and (therefore) whether 
.X E Q((xo, Xl). 
The following theorem is needed to give a notion of critical point for the functional F on 
H’.“([O, 11, M). 
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Theorem A.2. Let x E H’@([O, 11, M) and E, E I@ \ (0) such that 
x # 0 and w(~,k) = E* almost everywhere in [0, 11. (A1.4) 
Then for any 6 E CA([O, 11, TM) (with t(s) E T,(,,Mf or any s) and for any family of curves 
n(h) such that 
n : ]-ha, ha[ H H’.OO([O, 11, M) is of class Cl, 
n(0) = x, n’(O) = 6 
we have 
Frna 
F(rl@)) - F(x) = 
+ h s 
’ [w k ~_)Ltl + m(x, 4[$1] ds, 
0 
(A1.5) 
where wi is the derivative with respect o the i-th variable of w and & is in T(Th4). 
Remark A.3. Even if w is not differentiable at the points (y, 0) the right side of (Al 5) makes 
sense because @2(x, k) exists if k # 0 and by (A1.4) i # 0 almost everywhere. 
Definition A.4. The right hand side of (A1.5) will be denoted by F’(x)t. A curve x E 
H’,OO([O, 11, M) such that i # 0 almost everywhere will be called the critical point of F 
if F’(x)6 = 0 for any 6 E CA such that t(s) E T,(,jM for any s E [0, 11. 
The regularity result is the following. 
Theorem A.5. Let x E H ‘.O” ([0, 11, M) such that (A 1.4) is satisjied. Assume that x is a critical 
point of F and (2) for any x satisfying (A 1.4) andfor any k = 0, 1 
wz(x, k) = h almost everywhere with h E Ck j x E Ck. 
Then x is of class C2. 
In Subsection A2 we will prove Theorems A.l, A.2, A.5, while in Subsection A3 we will 
discuss examples where w satisfies assumptions (1) and (2), showing some applications to light 
rays. 
A2. Proof of Theorems A.1, A.2 and A.5 
We begin this subsection with the proof of Theorem A. 1. 
Proof of Theorem A.l. Take x0 # XI and consider 
h = inf(F(y) : y E fi(xa, xi)}. 
Since x0 # xi simple evaluation in trivializing neighborhood shows that, thanks to (A1.2), it is 
h > 0. 
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Moreover, since M is connected and w is of class C2 on TM \ (01, 
Let yk E Q((xo, XI) be a minimizing sequence for F. By the definition of & (see (Al 3)). 
h = d,,,(~o. XI); therefore, by assumption (l), there exists a compact subset K c M such that 
.vk( [O. 11) c K for k sufficiently large. 
Moreover, since yk is a minimizing sequence for F, we can assume 
h < F(vk) < h + l/k for any k E N. 
(A2. I ) 
how. for any y E Q((xg, xl) and c E [O. l] set 
s 
(J 
F,(v) = w(v. j) d.7 
0 
and, for any k E N, define (see [5,19]) 
(Pk(g) = 
h+l/k-F(yk) a+ 1 
h + Ilk > A. + I/k 
Fmb’k). 
Notice that qk is of class C’ and 
&a) = 
h + l/k - F(.Yd + 0(4'k(o), .?k(a>> > h + l/k - F(Yk) , o 
h + l/k AS-l/k ’ h+l/k ’ 
Moreover (pk(O) = 0 and 
(Pk(l) = 
h + t/k - F(yk) + F(J’k) 
= 1. 
h + l/k h + I/k 
Take +k = (pk’ and consider Xk = yk 0 +k . We claim that 
&(.~k(~l). -‘ck(o2)) < (A + llk)lm - 0.21. (A2.3) 
(A2.2) 
Indeed, if cl < (72 we have 
s 02 ‘&,(Xk(fll)~Xk(~2)) < Foz(xk) - Fcr,(xk) = O(Xk, ik) ds 01 
= Fti,(cr,,(Yk) - F$k(,,,(Yk). 
Since $% 0 @k(r) = r for any r E [0, 11, by (A2.2) we have 
h + l/k - F(h) 1 
r= 
h + l/k 
@k(r) + 
h + l/k 
Fti,(,,(.Yk) 
for any r E [0, I]. Then 
Fq,i(mz,(Yk) - F$,(,,)(yk) 6 (A2.S) 
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and, combining (A2.4) and (A2.5) gives (A2.3). 
By (A2.1) xk is included in a fixed compact set K for any K sufficiently large, while by 
(A2.3) we have that Xk : [0, l] + K is equicontinuous (if K is endowed with the distance &>. 
Then, by Ascoli-Arzela’s theorem, there exists x : [0, l] -+ K such that up to considering a 
subsequence, 
xk converges to x uniformly. (A2.6) 
Now considering on T,M the Euclidean norm 1 . 1, by (A2. l), (Al. 1) and (Al .2), there exists 
a constant M such that 
bk(s>l 
@(Ykb), jkb)) 
GM forevery ~GN and s~[O,l]. 
Now 
‘, 
SO 
because h + 1 /k - F(yk) z=- 0. Then we deduce the existence of L > 0 such that 
I&(s)] < L for every k E N and s E [0, 11. (A2.7) 
Then, up to passing to a subsequence, we can assume that there exists u E TM such that 
kk(s) + u(s) for any s E [0, 11. (A2.8) 
Notice that combining (A2.6)-(A2.8) and using the Lebesgue convergence theorem on trivial- 
izing neighborhood shows that 
x is differentiable almost everywhere in [0, l] 
and u = k almost everywhere 
(A2.9) 
Then it remains to prove that 
F(x) = h (A2.10) 
and 
@(x(s), i(s)) is constant almost everywhere. (A2.11) 
Since w is continuous, by (A2.6)-(A2.8) and the Lebesgue convergence theorem, 
F(Xk) + F(x). 
Moreover by (Al.l) F(Xk) = F(yk) so, since F(yk) + h (A2.10) holds. 
Now taking the limit in (A2.3) gives 
&(x(01),x(02)) 6 A(02 -al> forany 0 6 crt < a2 < 1. 
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Since. clearly x 1 la, ,nlj is a minimizer for 1:’ w (y , j) with extreme points in x (a, ) and x (a?), 
s 
02 
w(x, k) ds < h(a2 - al) for every 0 < err < ~2 6 1. (A2.12:~ 
01 
Since the map w (x (s), i(x)) is integrable in [0, 1 ] the map 0 + lb” w (x. i) ds is differentiable 
almost everywhere in [0, l] and its derivative at CJ coincides with 0(x(x). k(o)) for almosl 
every 0. Hence, by (A2.12), we have 
0(x((~). k(o)) < h for almost every cr E [O. 11. 
Then, since h = F(x) = & w(x(s), k(a) it must be w(x(D). i_(a)) = h for almost every 
0 E [O. 11. n 
Proof of Theorem A.2. Let C, be the set defined by 
C, = {s E [O. l] : x is differentiable at s, k(s) # 0 and W@(D), i(s)) = E,,} 
By (Al .4), the set [0, I] \ C, has null measure. Moreover since E, # 0, 
inf( Ii(s)] : s E C,} > 0. (A2.13) 
Indeed, if there existed s, E C, : ]i (s,,) ( -+ 0, since w is continuous and x (s,,) has a converging 
subsequence, we would have E, = w(x(s,), i(s,)) -+ 0, which is a contradiction. Up to 
considering a trivializing neighborhood of M and restricting the integral in (A 1 S) to a subinterval 
10, 1] we can assume that x is in a linear space and q(h) = x + ht. Then we have to evaluate 
lim !. 
s 
I 
k-oh 0 
(o(x + h6, k + h6) - w(x, h)) dJ 
(o(x + hc, _k + I& - w(x, h)) ds. 
By (A2.13), since 4 is of class Co and therefore uniformly bounded, 
inf(].k(s) + 6t(s)] : s E C,r} > 0 
for any 19 is sufficiently small. Then, since o is of class C* outside the pair (v, 0) we can use 
the Lagrange theorem (applied with respect to the variable h) to prove that 
lim 
s. h-0 c 
(w(x + A.$), k + I$) - w(x. h)) ds = 
s 
W,Y(X. k)[61 + W?(X, a[$]. 
C, 
Since [O. l] \ C., has null measure the proof is complete. 0 
We are now ready to prove our regularity results for minimizers of the length functional F. 
Proof of Theorem A.5 Since x is a critical point of F, by Theorem A.2 
s’ 0.5(x. i:>[<l + 02(x, k)[& ds = 0 0 (A2.14) 
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for any 6 E CA([O, 11, M) such that t(s) E 7”~~) M for any s E [0, 11. As in the proof of 
Theorem 1.1 we can assume that x lies in a linear space, up to considering a subinterval of [O. l] 
and a trivializing neighborhood of M. 
Then by (A2.14) 02(x, i) is in H’.’ and therefore it coincides almost everywhere with a 
continuous map. Then by assumption (2) we have i E Co. Applying again (A2.14) shows that 
w~(x. k) is of class C’, so by (2) k is of class C’ and x E C2. 0 
A3. The case of light rays on a stationary manifold 
In this section we consider the case of a Riemannian manifold (M, (. , .)) and the function 
w(x, u) on TM given by 
0(x, u> = (u 3 J(x)) + J(W), 21j2 + (v, u), (A3.1) 
where 6 is a smooth vector field on M. Recall that such a function comes from the definition of the 
functional F given in Section 2. The curves of minimal length with respect o the pseudo-Finsler 
structure on M induced by such a map lift to lightlike geodesics in the stationary Lorentzian 
manifold L = M x Iw, endowed with the Lorentzian metric tensor: 
g(x> t>[(t, ~1, (6~3 (~11 = E,t) + 2@(x). 6)~ - r2, t E CM, -r E R. 
Observe that for the map o defined by (A3.1) the assumption (1) of Theorem A. 1 is satisfied 
for instance if M is complete and (6 (x) ,6 (x)) is bounded. Observe also that the assumption (1) 
of Theorem A. 1 in this case coincides with the C-precompactedness condition for the stationary 
Lorentzian manifold L = M x Iw introduced in [8]. 
We prove here that the map o given by (A3.1) satisfies the hypothesis (2) of Theorem A.5, 
hence we have C2-regularity of the critical points of the functional F. 
Proposition A.3. Let w as in (A3.1) and x E H ‘,O” ([O. 11, M) be a criticalpoint of F satisfjing 
(A 1.4). Then 
(a) if w~(.x, .k) coincides with a continuous map almost everywhere on [0, 11, then i is 
continuous; 
(b) if 04 (x, k) is of class C ’ then k is of class C ‘. 
Proof. Whenever k(s) # 0, it is 
w2(x(s)t x(s))[vl = (S(x(s)), r7) 
+ ((i.(s) > ‘I) + (6(x(s)) > k(s))@(x(s)) > ?I)> (A3.2) 
(k(s) 1 k(s)) + (I, ~(x(s))P 
Suppose that 02(x(s), i(s)) = ho almost everywhere where ho is a continuous map. Then 
setting q = 6(x(s)). (A3.2) gives 
(6(x(s)). s(x)j + (G(s) > 6(x)) + (6(x(s)) 3 k(s))(J(x(s)) 7 J)(x)) = 
(k(s) 9 i.(s)) + (k(s) > 8(x(s)))2 
h, 
almost everywhere, 
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where hi is a continuous function. Then, since 6(x(s)) is continuous, there exists another 
continuous function h2 such that 
(i(s). k(s)) + (k(s) 1 S(x(s))Y 
= h2 almost everywhere 
Moreover, by (Al .4), there exists a constant E, > 0 such that 
(S(x) . +k) + J(.t , k) + (6(x). k)? = E, almost everywhere. 
(A3.3) 
(A3.4) 
and substituting in (A3.3) we get 
(6 (x) . i) 
E, - {6(x) . i) 
= h2 almost everywhere 
Then 
(.i, 6(x)) = h3 almost everywhere 
where h3 is a continuous map. Finally, (A3.4) gives that there exists a continuous map hl such 
that 
i = h4 almost everywhere 
Then the curve x is differentiable everywhere and its derivative coincides with ha so .Y is of 
class C’ (and .X- # 0 everywhere). 
To conclude the proof, we repeat the argument above starting from wz(_u, k) of class C’ and 
we show that X is of class C’. 0 
Let x E M and let us consider the map q-y : r, M -+ W given by 
cp,(u) = w(x. u) = (6(x), u) + J(u. II) + (S(x), u)‘. 
It is not difficult to see that, even though w is rzot a Finsler metric, q.r is a co11vex function for 
all x E M. This fact allows to show that w~(x, .k) is continuous and to prove the regularity of .Y. 
Moreover, using the convexity of (P.~ and standard arguments in ordinary differential equations,, 
it is possible to prove the local uniqueness of minimizers of F (see also [ 191). 
Remark A4. Similar results of existence of minimizers for pseudo-Finslerian structures have 
been obtained in [ 12 ] using, instead of the length functional, the energy functional given by the 
integral of 0~‘. 
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